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Weakly sequentially continuous mapping
Completely continuous mapping
Banach space not containing 1
Hereditary Dunford–Pettis property
It is well known that a (linear) operator T ∈L(X, Y ) between Banach spaces is completely
continuous if and only if its adjoint T ∗ ∈ L(Y ∗, X∗) takes bounded subsets of Y ∗ into
uniformly completely continuous subsets, often called (L)-subsets, of X∗. We give similar
results for differentiable mappings. More precisely, if U ⊆ X is an open convex subset,
let f :U → Y be a differentiable mapping whose derivative f ′ :U → L(X, Y ) is uniformly
continuous on U -bounded subsets. We prove that f takes weak Cauchy U -bounded
sequences into convergent sequences if and only if f ′ takes Rosenthal U -bounded subsets
of U into uniformly completely continuous subsets of L(X, Y ). As a consequence, we
extend a result of P. Hájek and answer a question raised by R. Deville and E. Matheron. We
derive differentiable characterizations of Banach spaces not containing 1 and of Banach
spaces without the Schur property containing a copy of 1. Analogous results are given for
differentiable mappings taking weakly convergent U -bounded sequences into convergent
sequences. Finally, we show that if X has the hereditary Dunford–Pettis property, then
every differentiable function f :U →R as above is locally weakly sequentially continuous.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction and notation
Throughout this paper, X and Y will denote real Banach spaces and U ⊆ X will be an open subset. Consider a differ-
entiable mapping f : U → Y whose derivative f ′ : U → L(X, Y ) is uniformly continuous on U -bounded subsets of U (see
deﬁnition below). We shall represent by C1u(U , Y ) the space of all such mappings f .
In recent years, several important papers (see, for instance: Hájek [25,26], Deville and Matheron [14], Deville and Há-
jek [13]) have studied properties of C1u mappings between Banach spaces, obtaining in particular interesting results when
X = c0 or, more generally, when X = C(K ) for K a scattered compact space.
It is well known that the properties of a (linear bounded) operator T : X → Y are related to properties of its adjoint
T ∗ : Y ∗ → X∗ . Recent results show a similar relationship between a differentiable mapping f ∈ C1u(U , Y ) and its derivative
f ′ : U → L(X, Y ). For instance, it is proved in [11, Theorem 3.1] that f is weakly uniformly continuous on U -bounded
subsets (when f is linear, this is equivalent to compactness) if and only if f ′ is compact. This relationship has also been
investigated in the holomorphic case (see [1, Theorem 1.7] and [6]).
An operator T ∈ L(X, Y ) is completely continuous if and only if T ∗ takes bounded subsets of Y ∗ into uniformly com-
pletely continuous subsets of X∗ , often called (L)-subsets [21, Proposition 3.2]. In the present paper (Section 2), we show
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f ′ takes Rosenthal U -bounded subsets of U into uniformly completely continuous subsets of L(X, Y ).
As a consequence, we extend to the vector-valued setting a result given by P. Hájek [26] in the scalar-valued case and
answer a question raised by R. Deville and E. Matheron [14]. We also derive differentiable characterizations of Banach spaces
not containing 1 and of Banach spaces without the Schur property containing a copy of 1.
In Section 3, we obtain similar results for mappings f ∈ C1u(U , Y ) taking weakly convergent U -bounded sequences of U
into convergent sequences in Y .
It would be interesting to obtain conditions under which every mapping in the space C1u(U , Y ) takes (U -bounded) weak
Cauchy sequences into convergent sequences. In our opinion, this is a very interesting, diﬃcult question to which we can
only give for the moment a ﬁrst, partial answer that we present in Section 4. Namely, we show that if X has the hereditary
Dunford–Pettis property and U ⊆ X is open, then every f ∈ C1u(U ,R) locally takes weak Cauchy sequences into convergent
sequences. As a consequence, we extend another result by Hájek in [26].
Our notation is standard in most cases. By N we represent the set of all natural numbers and R is the real ﬁeld. The
symbol BX stands for the closed unit ball of X , and X∗ is the dual space of X . Given x, y ∈ X , we write I(x, y) for the
segment with bounds x and y, that is,
I(x, y) := {x+ λ(y − x): 0 λ 1}.
By L(X, Y ) we denote the space of all operators from X into Y endowed with the supremum norm. An operator is com-
pletely continuous if it takes weakly convergent sequences into (norm) convergent sequences. The subspace of all such opera-
tors is denoted by CC(X, Y ), while K(X, Y ) stands for the subspace of all compact operators. Obviously, K(X, Y ) ⊆ CC(X, Y ).
Given an open set U ⊆ X , we say that a subset B ⊂ U is U-bounded if it is bounded and the distance dist(B, ∂U )
between B and the boundary ∂U of U is strictly positive. Clearly, if U = X , the U -bounded sets coincide with the bounded
sets. A sequence (xn) ⊂ U is U-bounded if the set {xn: n ∈ N} is U -bounded. A subset A ⊂ X is a Rosenthal set if every
sequence in A has a weak Cauchy subsequence.
A mapping f : U → Y is compact if it takes U -bounded subsets of U into relatively compact subsets of Y .
For a mapping f : U → Y , we consider several types of weak continuity:
(a) we say that f is weakly sequentially continuous if it takes weak Cauchy U -bounded sequences of U into convergent
sequences in Y . The space of all such mappings is denoted by Cwsc(U , Y );
(b) the mapping f is completely continuous if for every U -bounded sequence (xn) converging weakly to x ∈ U , the sequence
( f (xn)) converges to f (x). We use the symbol Ccc(U , Y ) for the space of completely continuous mappings;
(c) f is weakly continuous on U-bounded sets, and we shall write f ∈ Cwb(U , Y ), if for every U -bounded set B and every net
(xα) ⊂ B weakly convergent to x ∈ U , the net ( f (xα)) converges to f (x);
(d) f is weakly uniformly continuous on U-bounded sets, represented by f ∈ Cwbu(U , Y ), if for every U -bounded set B and
every  > 0, there exist ϕ1, . . . , ϕk ∈ X∗ and δ > 0 such that whenever x, y ∈ B satisfy |ϕi(x− y)| < δ (i = 1, . . . ,k), we
have ‖ f (x) − f (y)‖ <  .
An operator is weakly (uniformly) continuous on bounded subsets if and only if it is compact [4, Proposition 2.5]. If a
polynomial is weakly continuous on bounded sets, then it is weakly uniformly continuous on bounded sets [3, Theorem 2.9].
Every mapping f ∈ Cwbu(U , Y ) is compact [4, Lemma 2.2].
A polynomial is weakly sequentially continuous if and only if it is completely continuous [3, Theorem 2.3]. It is well
known [26, page 240] that for all X , Y , and for every open subset U ⊆ X , we have
Cwsc(U , Y ) ⊆ Ccc(U , Y ).
We do not have any example of a mapping f ∈ C1u(U , Y ) ∩ Ccc(U , Y ) which does not belong to Cwsc(U , Y ).
By P(k X, Y ) we denote the space of all k-homogeneous (continuous) polynomials from X into Y .
If the space Y is omitted, it is understood to be the real ﬁeld. For instance, Cwbu(U ) := Cwbu(U ,R), Cwsc(U ) :=
Cwsc(U ,R), P(k X) := P(k X,R), etc.
We say that a subset A ⊂ L(X, Y ) is uniformly completely continuous [36, Remark 2.5] if for every weakly null sequence






Obviously, in this case, A ⊂ CC(X, Y ). It is easy to show that every compact subset of CC(X, Y ) is uniformly completely
continuous. The uniformly completely continuous subsets of X∗ are more often called (L)-subsets [18].
By (en) we denote the canonical unit vector basis of c0.
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In this section we give the results mentioned in Section 1 for weakly sequentially continuous differentiable mappings. As
a consequence, we obtain differentiable characterizations of Banach spaces not containing 1 and of Banach spaces without
the Schur property containing a copy of 1.
Theorem 2.1. Let U ⊆ X be an open convex subset and let f ∈ C1u(U , Y ). Then the following assertions are equivalent:
(a) f ∈ Cwsc(U , Y );
(b) for every U-bounded weak Cauchy sequence (xn) and every weak Cauchy sequence (hn) ⊂ X, the sequence ( f ′(xn)(hn)) converges
in Y ;





∥∥ f ′(xm)(hn)∥∥= 0;
(d) for every U-bounded weak Cauchy sequence (xn) and every weakly null sequence (hn) ⊂ X, we have
lim
n
f ′(xn)(hn) = 0;
(e) f ′ takes U-bounded Rosenthal subsets of U into uniformly completely continuous subsets of L(X, Y ).
Proof. (a) ⇒ (b). Let (xn) be a U -bounded weak Cauchy sequence. Let (hn) be a weak Cauchy sequence in X . Without loss
of generality, we can assume (hn) ⊂ BX . Deﬁne B := {xn: n ∈N} and let d :=min{1,dist(B, ∂U )}. The set
B ′ := B + d
2
BX ⊂ U
is also U -bounded. Since f ′ is uniformly continuous on B ′ , given  > 0, there exists 0 < δ < d/4 such that if z1, z2 ∈ B ′
satisfy ‖z1 − z2‖ < 2δ, then∥∥ f ′(z1) − f ′(z2)∥∥< 
4
. (1)
We now adapt the proof of [4, Proposition 3.6] as in [11, Theorem 3.1] (a related argument can be found in [28, Theo-
rem 2.6]). For n,m ∈N, we have∥∥ f ′(xn)(hn) − f ′(xm)(hm)∥∥= 1
δ
∥∥ f ′(xn)(δhn) − f ′(xm)(δhm)∥∥
 1
δ
∥∥ f ′(xn)(δhn) − f (xn + δhn) + f (xn)∥∥+ 1
δ
∥∥ f (xm + δhm) − f (xm) − f ′(xm)(δhm)∥∥
+ 1
δ
∥∥ f (xn + δhn) − f (xm + δhm)∥∥+ 1
δ
∥∥ f (xn) − f (xm)∥∥.
If c ∈ I(xn, xn + δhn) for some n ∈ N, we have




c = xn + (c − xn) ∈ B + d
2
BX = B ′.
Using a consequence of the Mean Value Theorem [17, (8.6.2)] and formula (1), we obtain∥∥ f ′(xn)(δhn) − f (xn + δhn) + f (xn)∥∥ sup
c∈I(xn,xn+δhn)
∥∥ f ′(c) − f ′(xn)∥∥‖δhn‖ δ
4
.
The same is true upon replacing n by m. The sequences (xn + δhn) and (xn) are U -bounded and weak Cauchy in U , so the
sequences ( f (xn + δhn)) and ( f (xn)) are convergent in Y . Hence, we can ﬁnd ν ∈ N such that we have for n,m > ν:∥∥ f (xn + δhn) − f (xm + δhm)∥∥< δ
4
and
∥∥ f (xn) − f (xm)∥∥< δ
4
.
Therefore, for n,m > ν ,∥∥ f ′(xn)(hn) − f ′(xm)(hm)∥∥< .
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from (b) that, for every h ∈ X , the set{
f ′(xn)(h): n ∈ N
}
is bounded in Y .
We can ﬁnd a subsequence (xmk ) such that∥∥ f ′(xmk )(hk)∥∥> sup
m
∥∥ f ′(xm)(hk)∥∥− 1k (k ∈N). (2)
The sequences
(xm1 , xm1 , xm2 , xm2 , xm3 , xm3 , . . .) ⊂ U and (h1,0,h2,0,h3,0, . . .) ⊂ X
are weak Cauchy. So the sequence(
f ′(xm1)(h1),0, f ′(xm2)(h2),0, f ′(xm3)(h3),0, . . .
)
converges in Y . Therefore,
lim
k
f ′(xmk )(hk) = 0.





∥∥ f ′(xm)(hk)∥∥= 0.
(c) ⇒ (d) is obvious.
(d) ⇒ (e). Let A be a Rosenthal U -bounded set. It is easy to show that, for every h ∈ X , the set f ′(A)(h) is bounded
in Y . Choose a weakly null sequence (hn) ⊂ X .
Let (hnk ) be a subsequence of (hn). For every k ∈N, there exists ak ∈ A such that
sup
a∈A
∥∥ f ′(a)(hnk )∥∥< ∥∥ f ′(ak)(hnk )∥∥+ 1k . (3)
Since A is a Rosenthal set, (ak) admits a weak Cauchy subsequence (akr ). By (d), we have
lim
r
∥∥ f ′(akr )(hnkr )∥∥= 0.





∥∥ f ′(a)(hnkr )∥∥= 0.










∥∥ f ′(a)(hn)∥∥= 0.
(e) ⇒ (a). Let (xn) be a U -bounded weak Cauchy sequence. Since U is convex, the segment I(xn, xm) is contained in U
for all n,m ∈ N. By the Mean Value Theorem [10, Theorem 6.4], there exists cnm ∈ I(xn, xm) such that∥∥ f (xn) − f (xm)∥∥ ∥∥ f ′(cnm)(xn − xm)∥∥ sup
i, j∈N
∥∥ f ′(ci j)(xn − xm)∥∥.









∥∥ f (xn) − f (xm)∥∥= 0
and ( f (xn)) converges in Y . 
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bounded sets is used only in (a) ⇒ (b).
Remark 2.3. If U ⊆ X is an open subset, let f ∈ C1u(U , Y ) ∩ Cwsc(U , Y ). Then, by (b) of Theorem 2.1, f ′(U ) ⊆ CC(X, Y ).
Theorem 2.4. Suppose that X contains no copy of 1 . Let U ⊆ X be an open convex subset and let f ∈ C1u(U , Y ). Then the following
assertions are equivalent:
(a) f ∈ Cwsc(U , Y );
(b) f ′ is compact with values in K(X, Y );
(c) f ∈ Cwbu(U , Y );
(d) f is compact and takes U-bounded weak Cauchy sequences into weak Cauchy sequences.
Proof. (a) ⇒ (b). By Remark 2.3, the range of f ′ is contained in CC(X, Y ) = K(X, Y ) [34, page 377], where we have used
the fact that X contains no copy of 1. Let B be a U -bounded set. Given h ∈ X , let (xn) ⊂ B be a sequence. By Rosenthal’s
1-theorem [15, Chapter XI], we can assume that (xn) is weak Cauchy. By Theorem 2.1(b), the sequence ( f ′(xn)(h)) con-
verges in Y , so f ′(B)(h) is relatively compact in Y . Moreover, by Theorem 2.1(e), f ′(B) is uniformly completely continuous
in K(X, Y ). Then, using again the fact that X contains no copy of 1, it follows from [29, Theorem 1] that f ′(B) is relatively
compact in K(X, Y ).
(b) ⇒ (c) by [11, Theorem 3.1].
(c) ⇒ (d) is clear.
(d) ⇒ (a). Let (xn) be a weak Cauchy U -bounded sequence. Then ( f (xn)) is weak Cauchy and the set { f (xn): n ∈ N} is
relatively compact. It is easy to show (and doubtless well known) that this implies the norm convergence of ( f (xn)). 
Remark 2.5. In Theorem 2.4, the uniform continuity of f ′ on U -bounded sets and the hypothesis that X contains no copy
of 1 are used only in (a) ⇒ (b), while the convexity of U is needed only in (b) ⇒ (c).
The equivalence (a) ⇔ (c) of Theorem 2.4 extends to the vector-valued case a result contained in [11, Corollary 3.4].
A slightly different version of the equivalence (a) ⇔ (b) of Theorem 2.4 is given with different techniques in [26,
Lemma 5] for Y = R. Hájek only considers bounded sets U on which f ′ is uniformly continuous, while in our result
U need not be bounded and f ′ is uniformly continuous on U -bounded subsets, not necessarily on U itself.
The same equivalence (a) ⇔ (b) of Theorem 2.4 answers a question raised by Deville and Matheron. Namely, they ask [14,
page 3605] if for every mapping f ∈ C1(BX , Y ), the following two assertions are equivalent:
(DM1) f takes Cauchy sequences (from BX ) for the “weak” topology generated by L(X, Y ) into convergent sequences;
(DM2) f ′(BX ) is relatively compact in L(X, Y ).
As shown in Theorem 2.4, we think that the right topology on X so that (DM1) and (DM2) be equivalent is the weak
topology (independently of Y ). Indeed, we might consider two possible “weak” topologies on X induced by L(X, Y ) that
we call the Y -strong topology and the Y -weak topology.
We say that a sequence (xn) ⊂ X converges to 0 in the Y -strong topology if for every operator T ∈ L(X, Y ), (T (xn)) tends
to 0 in norm. Note that, for X = Y , the Y -strong topology on X coincides with the norm topology. Let P ∈ P(2c0, c0) be the
polynomial given by P (x) := (x2n)∞n=1, for x = (xn)∞n=1 ∈ c0. Obviously, P satisﬁes (DM1). However, since P ′(x)(y) = 2(xn yn)∞n=1
for x = (xn)∞n=1 and y = (yn)∞n=1 in c0, we have for n =m,∥∥P ′(en) − P ′(em)∥∥ ∥∥P ′(en)(en) − P ′(em)(en)∥∥= 2‖en‖ = 2,
so P ′(Bc0 ) is not relatively compact in L(c0, c0). Therefore, (DM1) ⇒ (DM2) for the Y -strong topology.
We say that (xn) ⊂ X tends to 0 in the Y -weak topology if for every operator T ∈ L(X, Y ), (T (xn)) converges weakly to 0.
Note that, for X = Y , (xn) converges to 0 in the Y -weak topology if and only if (xn) is weakly null. Let f : c0 → c0 be the
identity map. Then f ′(x) = f for every x ∈ c0, so that f ′(Bc0 ) = { f } is compact in L(c0, c0). However, the sequence (en) is
weakly null but ( f (en)) does not converge in norm. Therefore, (DM2) ⇒ (DM1) for the Y -weak topology.
The following two results show that the converse to Theorem 2.4 is also true. In the ﬁrst we do not need the convexity
of U .
Theorem 2.6. Let U ⊆ X be an open subset. The following assertions are equivalent:
(a) X contains no copy of 1;
(b) for every Banach space Y , we have
f ∈ C1u(U , Y ) ∩ Cwsc(U , Y ) ⇒ f ′ : U → L(X, Y ) is compact;
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f ∈ C1u(U , Y ) ∩ Cwsc(U , Y ) ⇒ f ′ : U → L(X, Y ) is compact;
(d) we have
f ∈ C1u(U ) ∩ Cwsc(U ) ⇒ f ′ : U → X∗ is compact.
Proof. (a) ⇒ (b) by Theorem 2.4.
(b) ⇒ (c) is obvious.
(c) ⇒ (d). Let Y be the Banach space provided by (c). Choose a norm one vector y0 ∈ Y . Let S : R → Y be the operator
given by S(λ) := λy0 (λ ∈R). Suppose that there is f ∈ C1u(U ) ∩ Cwsc(U ) such that f ′ : U → X∗ is not compact.





so T is an isometry.
Given x,h ∈ X , we have










f (x+ th) − f (x)]y0 = f ′(x)(h)y0 = T ( f ′(x))(h),







Since S ◦ f ∈ C1u(U , Y )∩ Cwsc(U , Y ), the derivative (S ◦ f )′ is compact, which is in contradiction with the fact that T ◦ f ′
is not compact.
(d) ⇒ (a). Suppose that X contains a copy of 1. By [22, Theorem 4], we can ﬁnd a scalar-valued 2-homogeneous weakly
sequentially continuous polynomial P on X which is not weakly (uniformly) continuous on bounded sets. If P ′ : X → X∗
denotes its derivative, we have
P ′(x)(h) = 2 P̂ (x,h) = 2T P (x)(h) (x,h ∈ X),
where P̂ : X × X →R is the symmetric bilinear form associated with P , and
T P : X → X∗
is the operator given by T P (x)(h) := P̂ (x,h). Since P is not weakly continuous on bounded sets, T P is not compact [3,
Theorem 2.9]. Therefore, P ′ is not compact. By linearity, the restriction of P ′ to U is not compact either. 
We might ask if there is some connection between Theorem 2.6 and Hájek’s class C [26]. This is the class of Banach
spaces X for which there exists an open bounded, convex subset U ⊂ X such that for every f : U → R with uniformly
continuous derivative, f ′(U ) is relatively compact in X∗ .
Hájek has proved that the spaces in C contain no copy of 1. Theorems 2.4 and 2.6 show that a Banach space X
containing no copy of 1 belongs to C if and only if it contains an open (bounded and convex) set U such that C1u(U ) ⊂
Cwsc(U ). This is a reason for the interest of ﬁnding conditions under which C1u(U , Y ) ⊂ Cwsc(U , Y ). As announced in the
Introduction, we give a partial answer in Section 4.
Theorem 2.7. Let U ⊆ X be an open convex subset. The following assertions are equivalent:
(a) X contains no copy of 1;
(b) for every Banach space Y , we have
C1u(U , Y ) ∩ Cwsc(U , Y ) ⊂ Cwbu(U , Y );
(c) there is a Banach space Y such that
C1u(U , Y ) ∩ Cwsc(U , Y ) ⊂ Cwbu(U , Y );
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C1u(U ) ∩ Cwsc(U ) ⊂ Cwbu(U ).
Proof. (a) ⇒ (b) by Theorem 2.4.
(b) ⇒ (c) is obvious.
(c) ⇒ (d). Let Y be the Banach space provided by (c). Choose y0 ∈ Y (y0 = 0). Let S : R → Y be the operator given by
S(λ) := λy0 (λ ∈ R). Suppose that there is a function f ∈ C1u(U ) ∩ Cwsc(U ) such that f /∈ Cwbu(U ). Then
S ◦ f ∈ C1u(U , Y ) ∩ Cwsc(U , Y ) but S ◦ f /∈ Cwbu(U , Y ),
in contradiction with (c).
(d) ⇒ (a). Assume that X contains a copy of 1. The polynomial obtained in the proof of Theorem 2.6, part (d) ⇒ (a),
leads to a contradiction. 
Proposition 2.8. Let U be an open convex subset of X and let f ∈ C1u(U , Y ). Consider the assertions:
(a) f ′ ∈ Cwsc(U , CC(X, Y ));
(b) f ∈ Cwsc(U , Y ).
Then (a) ⇒ (b). Moreover, if X contains no copy of 1 , then (a) and (b) are equivalent.
Proof. (a) ⇒ (b). Let (xn) be a U -bounded weak Cauchy sequence. By the Mean Value Theorem [10, Theorem 6.4], we have∥∥ f (xn) − f (xm)∥∥ ∥∥ f ′(cnm)(xn − xm)∥∥
for some cnm ∈ I(xn, xm). The sequence (cnm) is U -bounded and weak Cauchy. Therefore, the sequence ( f ′(cnm)) converges
to some T ∈ CC(X, Y ). It follows that∥∥ f ′(cnm)(xn − xm)∥∥ ∥∥ f ′(cnm)(xn − xm) − T (xn − xm)∥∥+ ∥∥T (xn − xm)∥∥

∥∥ f ′(cnm) − T∥∥‖xn − xm‖ + ∥∥T (xn − xm)∥∥−−→n,m 0,
and (b) is satisﬁed.
(b) ⇒ (a). Assume now that X contains no copy of 1. By Theorem 2.4, f ′ is compact with values in K(X, Y ) = CC(X, Y ).
By [11, Theorem 3.1], f ′ is weakly uniformly continuous on U -bounded sets and, in particular, f ′ ∈ Cwsc(U , CC(X, Y )). 
If X has the Schur property, then (b) trivially implies (a) in Proposition 2.8. The following result is somehow a converse
to Proposition 2.8.
Theorem 2.9. Let U be an open convex subset of X . Consider the following assertions:
(a) either X contains no copy of 1 or it has the Schur property;
(b) for every Banach space Y , we have
f ∈ C1u(U , Y ) ∩ Cwsc(U , Y ) ⇒ f ′ ∈ Cwsc
(
U , L(X, Y ));
(c) for all k ∈ N (k  2), every Banach space Y , and every weakly sequentially continuous polynomial P ∈ P(k X, Y ), the derivative
P ′ ∈ P(k−1X, L(X, Y )) is weakly sequentially continuous;
(d) there is k ∈ N (k  2) such that for every Banach space Y and every weakly sequentially continuous polynomial P ∈ P(k X, Y ),
the derivative
P ′ ∈ P(k−1X, L(X, Y ))
is weakly sequentially continuous;
(e) we have




(f) there is k ∈N (k 2) such that for every weakly sequentially continuous polynomial P ∈ P(k X), the derivative P ′ ∈ P(k−1X, X∗)
is weakly sequentially continuous.
Then we have
(a) ⇔ (b) ⇔ (c) ⇔ (d) ⇒ (e) ⇒ (f) ⇒ (a).
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obvious.
(c) ⇒ (d) is obvious.
(d) ⇒ (a). Assume that X contains a copy of 1 and does not have the Schur property. By the containment of 1,
there is a completely continuous operator from X onto 2 [16, Corollary 4.16 and Theorem 2.17]. Since 2 is (isometrically)
isomorphic to L2[0,1] [19, Theorem 1.38], we obtain a surjective operator S ∈ CC(X, L2[0,1]).
Since X does not have the Schur property, we claim that there is a non-completely continuous operator T1 ∈ L(X, ∞).
Indeed, if X is separable, there is an into isometry T1 ∈ L(X, ∞) [19, Proposition 5.11] which is obviously not completely
continuous.
If X is not separable, it is easy to show that it has a separable subspace Z without the Schur property. Hence, there is
an into isometry V ∈ L(Z , ∞). By the injectivity of ∞ [15, Theorem VII.3], V has an extension T1 ∈ L(X, ∞) which is not
completely continuous, and the claim is proved.
Since ∞ is isomorphic to L∞[0,1] [32], we obtain a non-completely continuous operator T ∈ L(X, L∞[0,1]).
Let k 2 be the integer provided by (d). Deﬁne a k-linear mapping
A : X× (k)· · · ×X → L2[0,1]
by
A(x1, . . . , xk) := 1k
[
S(x1)T (x2) · · · T (xk) + T (x1)S(x2)T (x3) · · · T (xk) + · · · + T (x1) · · · T (xk−1)S(xk)
]
for x1, . . . , xk ∈ X , where[
S(x1)T (x2) · · · T (xk)
]
(t) := S(x1)(t)T (x2)(t) · · · T (xk)(t) for t ∈ [0,1] a.e.
Clearly, A is well deﬁned, symmetric, and continuous. Consider the associated polynomial:
P (x) := A(x, . . . , x) = S(x)T (x)k−1 (x ∈ X).
Let (xn) ⊂ BX be a sequence weakly convergent to x. Then∥∥P (xn) − P (x)∥∥= ∥∥S(xn)T (xn)k−1 − S(x)T (x)k−1∥∥













∣∣S(xn − x)(t)∣∣2 dt]1/2 + 〈S(x)2, [T (xn)k−1 − T (x)k−1]2〉1/2. (4)
Now, [ 1∫
0
∣∣S(xn − x)(t)∣∣2 dt]1/2 = ∥∥S(xn − x)∥∥L2 −−−→n→∞ 0.
For m ∈ N (m  2), the mapping L∞[0,1] → L∞[0,1] given by g → gm is a polynomial. By the Dunford–Pettis property
of L∞[0,1] [19, Theorem 11.36], this polynomial takes weakly convergent sequences into weakly convergent sequences [31,
Proposition 5]. Hence, the sequence (T (xn)k−1)n is weakly convergent to T (x)k−1. The same argument implies that the
sequence([
T (xn)
k−1 − T (x)k−1]2)n
is weakly null.




k−1 − T (x)k−1]2〉−−−→n→∞ 0.
Therefore, ‖P (xn) − P (x)‖ → 0 and P is weakly sequentially continuous.
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P ′(x)(h) = kA(x, . . . , x,h) = (k − 1)S(x)T (x)k−2T (h) + T (x)k−1S(h) (x,h ∈ X).
Since T is not completely continuous, we can ﬁnd a weakly null sequence (xn) ⊂ BX and δ > 0 such that∥∥T (xn)∥∥L∞ > δ for all n ∈N.
Then ∥∥P ′(xn)∥∥= sup
h∈BX
∥∥(k − 1)S(xn)T (xn)k−2T (h) + T (xn)k−1S(h)∥∥
 sup
h∈BX
[∥∥T (xn)k−1S(h)∥∥− (k − 1)∥∥S(xn)T (xn)k−2T (h)∥∥].
Denoting by μ Lebesgue measure, for each n ∈ N there is a subset In ⊂ [0,1] with μ(In) > 0 such that |T (xn)(t)| > δ for all









2 dt = 1.
Since S ∈ L(X, L2[0,1]) is surjective, by the Open Mapping Theorem [19, Corollary 2.25], we can ﬁnd M > 0 and a sequence




Then ∥∥P ′(xn)∥∥ 1
M
[∥∥T (xn)k−1S(hn)∥∥− (k − 1)∥∥S(xn)T (xn)k−2T (hn)∥∥].
Now,
∥∥S(xn)T (xn)k−2T (hn)∥∥2 = 1∫
0
∣∣S(xn)(t)T (xn)(t)k−2T (hn)(t)∣∣2 dt  M2‖T‖2k−2 1∫
0
∣∣S(xn)(t)∣∣2 dt
= M2‖T‖2k−2∥∥S(xn)∥∥2 −−−→n→∞ 0,
so there is ν ∈N such that
(k − 1)∥∥S(xn)T (xn)k−2T (hn)∥∥ δk−1
2
(n > ν).
On the other hand,
∥∥T (xn)k−1S(hn)∥∥2 = 1∫
0














Therefore, we have for n > ν:∥∥P ′(xn)∥∥> δk−1
2M
and P ′ is not weakly sequentially continuous.
(b) ⇒ (a). Assume that X contains a copy of 1 and does not have the Schur property. By the proof of (d) ⇒ (a), we can
obtain a 2-homogeneous weakly sequentially continuous polynomial P : X → L2[0,1] such that its derivative
P ′ ∈ L(X, L(X, L2[0,1]))
is not weakly sequentially continuous. By linearity, P ′ is not weakly sequentially continuous on U .
(b) ⇒ (e) as in the proof of Theorem 2.6.
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continuous on U . By linearity, P ′ is weakly sequentially continuous on X .
(f) ⇒ (a). Let X be a Banach space with the Dunford–Pettis property and property (V ) (for instance, X = C(K ) for
any compact Hausdorff space K ). By property (V ), X∗ is weakly sequentially complete [33, Propositions 4 and 6]. Then
X∗ contains no copy of c0. By [5, Proposition 2.11], every polynomial from X into X∗ is unconditionally converging. By [23,
Corollary 4.9], every unconditionally converging polynomial is weakly sequentially continuous.
Therefore, for every scalar-valued homogeneous polynomial P on X , the derivative P ′ : X → X∗ is weakly sequentially
continuous. So (f) is satisﬁed but (a) does not necessarily hold. 
We do not know if (e) ⇒ (a).
Remark 2.10. The equivalences (a) ⇔ (c) ⇔ (d) in Theorem 2.9 are also true if the spaces X and Y are complex. Indeed,
the only difference with the real case is that we have to replace the last summand in formula (4) by〈∣∣S(x)∣∣2, ∣∣T (xn)k−1 − T (x)k−1∣∣2〉1/2.
By [35, Theorem 1.7], |S(x)| and |T (xn)k−1 − T (x)k−1| are measurable functions. Moreover, by the proof of [39, Theorem],
the sequence(∣∣T (xn)k−1 − T (x)k−1∣∣2)n
is weakly null in L∞[0,1]. Since |S(x)|2 ∈ L1[0,1], we have〈∣∣S(x)∣∣2, ∣∣T (xn)k−1 − T (x)k−1∣∣2〉1/2 −−−→n→∞ 0
and the proof proceeds as in the theorem.
The following example, essentially taken from [2, Example 2.6], gives a concrete 2-homogeneous scalar-valued polynomial
on L1[0,1] which does not satisfy assertion (f) of Theorem 2.9.










Deﬁne a bilinear symmetric form A : L1[0,1] × L1[0,1] →R by






f r j dt
)







〈 f , r j〉
(
f , g ∈ L1[0,1]
)
,
where (rn) is the sequence of Rademacher functions. Let P ( f ) := A( f , f ) be the polynomial associated with A. By the
Dunford–Pettis property of L1[0,1] [12, C7, Corollary 1], every scalar-valued polynomial on L1[0,1] is weakly sequentially
continuous [31, Corollary 3]. We shall show that P ′ : L1[0,1] → L∞[0,1] is not weakly sequentially continuous.
Indeed, the sequence (rn) is weakly null in L1[0,1] [16, Theorem 1.12]. Since
P ′( f )(g) = 2A( f , g)
we have






















〈rn, r j〉r jχI j .
Since
〈rn, r j〉 = δn, j and r j(t) = −1 (t ∈ I j),
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r j − χIn .





μ(I j) if n < j,
−μ(I j) if n = j,
0 if n > j.
Hence,
P ′(rn) = μ(In)rn −
∞∑
j=n+1








r j − χIn .
Therefore, taking n,m ∈N with n >m, the norms in L∞[0,1] satisfy
∥∥P ′(rn) − P ′(rm)∥∥=













r j + χIm
∥∥∥∥∥
 ‖−χIn + χIm‖ −
∥∥∥∥ 12n rn









and the sequence (P ′(rn)) is not convergent.
3. Differentiable mappings acting on weakly convergent sequences
Given an open convex subset U ⊆ X and a mapping f ∈ C1u(U , Y ), an adaptation of the proof of Theorem 2.1 yields
that f is completely continuous if and only if f ′ takes U -bounded weakly compact subsets of U into uniformly completely
continuous subsets of L(X, Y ).
As a consequence, we show that if X contains no copy of 1, then f is completely continuous if and only if f ′ is com-
pletely continuous, if and only if f ′ takes U -bounded weakly compact subsets into relatively compact subsets of K(X, Y ). It
is also proved that if X is reﬂexive, then f is completely continuous if and only if f ′ is compact.
By an adaptation of the proof of Theorem 2.1, we can obtain:
Theorem 3.1. The statement of Theorem 2.1 remains valid upon replacing the space Cwsc(U , Y ) by Ccc(U , Y ), weak Cauchy sequences
by weakly convergent sequences, and Rosenthal sets by weakly compact sets.
Theorem 3.2. Suppose that X contains no copy of 1 . Let U ⊆ X be an open convex subset and let f ∈ C1u(U , Y ). Then the following
assertions are equivalent:
(a) f ∈ Ccc(U , Y );
(b) f ′ takes U-bounded weakly compact subsets of U into relatively compact subsets of K(X, Y );
(c) f ∈ Cwb(U , Y );
(d) f ′ ∈ Ccc(U , K(X, Y )).
Proof. (a) ⇒ (b). As in Theorem 2.4, the result follows from [29, Theorem 1]. Indeed, if A is U -bounded and weakly
compact, then, by Theorem 3.1, f ′(A)(h) is relatively compact in Y for every h ∈ X , and f ′(A) is uniformly completely
continuous in CC(X, Y ) = K(X, Y ).
(b) ⇒ (a). Let (xn) be a U -bounded sequence weakly convergent to x ∈ U . The set B := {xn: n ∈ N} ∪ {x} is U -bounded.
For each n ∈N, there is cn ∈ I(xn, x) such that∥∥ f (xn) − f (x)∥∥ ∥∥ f ′(cn)(xn − x)∥∥ sup
k
∥∥ f ′(ck)(xn − x)∥∥ (n ∈N).
The sequence (cn) is weakly convergent to x and U -bounded. By (b), the set { f ′(cn): n ∈N} is relatively compact in K(X, Y )




∥∥ f ′(ck)(xn − x)∥∥= 0k
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lim
n
∥∥ f (xn) − f (x)∥∥= 0,
which proves (a).
(a) ⇔ (c) by [20, Proposition 9].
(b) ⇒ (d). Let (xn) be a U -bounded sequence weakly convergent to x ∈ U . The set B := {xn: n ∈ N} ∪ {x} is U -bounded
and weakly compact. If d := min{1,dist(B, ∂U )}, the set




Given  > 0, there is 0 < δ < d/4 such that whenever z1, z2 ∈ B ′ satisfy ‖z1 − z2‖ < 2δ, we have∥∥ f ′(z1) − f ′(z2)∥∥< 
4
. (5)
Fix n ∈ N and h ∈ BX . If c ∈ I(xn, xn + δh), we have as in the proof of Theorem 2.1 that ‖c − xn‖ < 2δ < d/2 and c ∈ B ′ .
Therefore, I(xn, xn + δh) ⊂ B ′ . Analogously, I(x, x+ δh) ⊂ B ′ .
As in Theorem 2.1, we write∥∥ f ′(xn)(h) − f ′(x)(h)∥∥ 1
δ
∥∥ f ′(xn)(δh) − f (xn + δh) + f (xn)∥∥+ 1
δ
∥∥ f (x+ δh) − f (x) − f ′(x)(δh)∥∥
+ 1
δ
∥∥ f (xn + δh) − f (x+ δh)∥∥+ 1
δ
∥∥ f (xn) − f (x)∥∥.
Since the sequences (xn + δh) and (xn) converge weakly to x + δh and x respectively, proceeding as in the proof of
Theorem 2.1 and using the equivalence (a) ⇔ (b) already proved, we obtain ν ∈N such that∥∥ f ′(xn)(h) − f ′(x)(h)∥∥<  (n > ν).
Therefore, for every h ∈ X , we have
lim
n
f ′(xn)(h) = f ′(x)(h). (6)
By (b), f ′(B) is relatively compact in K(X, Y ). This, together with (6), implies that
lim
n
f ′(xn) = f ′(x)
(see [38, Lemma 4.2]).
(d) ⇒ (b) is clear. 
Remark 3.3. The non-containment of 1 is used only in (a) ⇒ (b), the uniform continuity of f ′ on U -bounded sets is used
in (a) ⇒ (b) ⇒ (d), while the convexity of U is needed only in (b) ⇒ (a).
As a consequence of Theorem 3.2, we obtain the following result of K.J. Palmer [30].
Corollary 3.4. Suppose that X is reﬂexive. Let U ⊆ X be an open convex subset and let f ∈ C1u(U , Y ). Then the following assertions
are equivalent:
(a) f ∈ Ccc(U , Y );
(b) f ′ is compact and K(X, Y )-valued;
(c) f ′ ∈ Ccc(U , K(X, Y )).
4. Differentiable mappings on spaces with the hereditary Dunford–Pettis property
In this section, we show that if X has the hereditary Dunford–Pettis property and U ⊆ X is open, then every f ∈ C1u(U )
is locally weakly sequentially continuous. Moreover, for functions deﬁned on the whole space, we have C1u(X) ⊂ Cwsc(X).
A Banach space X has the hereditary Dunford–Pettis property (hDPP, for short) if every closed subspace of X has the
Dunford–Pettis property.
We shall need the following well-known result (see [8, Proposition 2] and [27, Theorem 3.1]):
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(hi) ⊂ X admits a subsequence (h′i) equivalent to the unit vector basis (ei) of c0 and the into isomorphism T ∈ L(c0, X) given by
T (ei) = h′i for all i ∈ N satisﬁes ‖T‖ c.
Examples of spaces with the hDPP (see [8]) are c0(Γ ) for any set Γ , spaces with the Schur property, C(K ) spaces where
the compact space K is scattered and its ω-th derived set is empty, c0(X) if X has the hDPP, C(K , X) if C(K ) and X have
the hDPP, the spaces constructed by Hagler in [24] and by Talagrand in [37], 1(X) if X has the hDPP [9].
We say that a mapping f : U → Y is locally weakly sequentially continuous if each point x ∈ U has a neighborhood V ⊆ U
such that f is weakly sequentially continuous on V .
If B ⊂ X is a closed bounded set, we denote by C1u(B) the set of all functions f deﬁned and C1-smooth on a neigh-
borhood of B such that f ′ is uniformly continuous on B . If ω is a modulus of continuity (see the deﬁnition, for instance,
in [26, page 239]) and M > 0, we denote by C1,ω,M(B) [14] the set of all functions f ∈ C1u(B) such that∥∥ f ′(u) − f ′(v)∥∥ω(‖u − v‖) (u, v ∈ B)
and ‖ f ′(x)‖ M for all x ∈ B .
By an easy adaptation of the proof of [14, Lemma 3], we obtain:
Lemma 4.2. Let X , Y be Banach spaces and r > 0. Suppose that a mapping f : 3rB X → Y has the property that for each weakly null
sequence (hi) ⊂ 2rB X , we have
inf
{∥∥ f (x+ hi) − f (x)∥∥: i  n}−−−→n→∞ 0
uniformly for x ∈ rB X . Then f takes weak Cauchy sequences of rB X into convergent sequences in Y .
Note that a more elementary proof of [14, Lemma 3] has been given in [7, Proposition 2].
Proposition 4.3. Given a modulus of continuity ω and numbers r,M,  > 0, there exists N ∈N such that∣∣∣∣∣1n
n∑
i=1
f (rei) − f (0)
∣∣∣∣∣< 
for all f ∈ C1,ω,M(rBc0 ) and all n N.
Proof. Let J ∈ L(c0, c0) be given by J (x) := rx for x ∈ c0. If f ∈ C1,ω,M(rBc0 ), then f ◦ J ∈ C1,ω′,M′ (Bc0 ) with M ′ := rM and
ω′(δ) := rω(rδ).
By [14, Theorem 2], given  > 0, there is N ∈N such that∣∣∣∣∣1n
n∑
i=1








)− f ( J (0))∣∣∣∣∣< 
for all n N . 
Proposition 4.3 is also true for mappings f ∈ C1,ω,M(rBc0 , Y ) if Y has ﬁnite cotype.
We now give the main result of this section. In its proof we take advantage of ideas in [14].
Theorem 4.4. Assume that X has the hDPP and let U ⊆ X be an open subset. Then every function f ∈ C1u(U ) is locally weakly
sequentially continuous. Moreover, if U = X, then C1u(X) ⊂ Cwsc(X).
Proof. Let x0 ∈ U . By composing with the aﬃne mapping x → x+ x0, it is clear that we can assume x0 = 0.
There is r > 0 such that 3rB X ⊂ U . Let d := max{1, c}, where c is the constant provided by Theorem 4.1. Let (hi) ⊂ BX





∣∣∣∣ f(x+ 2rd hi
)
− f (x)
∣∣∣∣= 0 uniformly for x ∈ rd B X . (7)
If (hi) has a norm null subsequence, this is obvious since the uniform continuity of f ′ on a bounded convex set implies
that f is also uniformly continuous on the same set.
Suppose that (hi) is seminormalized. Passing to a subsequence, there is an into isomorphism S ∈ L(c0, X) with ‖S‖ c
such that
S(ei) := hi (i ∈N).‖hi‖
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T (ei) = hi (i ∈ N) and ‖T‖ ‖S‖‖U‖ c.
Let ω be a modulus of continuity for f ′ on 3rB X and let
M := sup{∥∥ f ′(x)∥∥: x ∈ 3rB X}.




be the function given by
fx(v) := f
(










⊆ 2rB X ,
fx is well deﬁned. Using the inclusion 3rB X ⊂ U , fx can be deﬁned on an open neighborhood of (2r/d)Bc0 . Then






with ω′(δ) := ‖T‖ω(‖T‖δ) and M ′ := ‖T‖M .



































for all n N and every x ∈ (r/d)BX .
By [7, Proposition 3], f satisﬁes condition (7). By Lemma 4.2, f takes weak Cauchy sequences of (r/d)BX into convergent
sequences in R.
If U = X , then r can be chosen arbitrarily large and we obtain C1u(X) ⊂ Cwsc(X). 
We say that a mapping f : U → Y is locally compact if every point x ∈ U has a neighborhood V ⊆ U such that f (V ) is
relatively compact in Y . The following simple corollary is an extension of [26, Proposition 7].
Corollary 4.5. Let X be a Banach space with the hDPP containing no copy of 1 and let Y be a Banach space. If U ⊆ X is open and
f ∈ C1u(U , Y ), the following assertions are equivalent:
(a) f is locally weakly sequentially continuous;
(b) f is locally compact;
(c) f ′ : U → K(X, Y ) is locally compact.
Proof. (a) ⇒ (b). Let B ⊆ U be a bounded set such that f takes weak Cauchy sequences of B into convergent sequences
in Y . Given a sequence (xn) ⊂ B , passing to a subsequence, we can assume that (xn) is weak Cauchy. Therefore, ( f (xn)) is
convergent and f (B) is relatively compact.
(b) ⇒ (a). Let B ⊆ U be a bounded set such that f (B) is relatively compact in Y . Let (xn) ⊂ B be a weak Cauchy
sequence. By Theorem 4.4, we may assume that for every ψ ∈ Y ∗ , the sequence (〈 f (xn),ψ〉) is convergent in R, so the
sequence ( f (xn)) is weak Cauchy in f (B). Clearly, this implies that ( f (xn)) is convergent.
(a) ⇔ (c) by Theorem 2.4. 
The hDPP of X is used only in (b) ⇒ (a) and may be replaced by the weaker assumption that f locally takes weak
Cauchy sequences into weak Cauchy sequences.
If U = X , then the assertions of Corollary 4.5 may be replaced by:
(a) f ∈ Cwsc(X, Y );
(b) f is compact;
(c) f ′ : X → K(X, Y ) is compact.
R. Cilia, J.M. Gutiérrez / J. Math. Anal. Appl. 360 (2009) 609–623 623If X has the hDPP and contains no copy of 1, then Theorem 4.4 and Corollary 4.5 imply that for every f ∈ C1u(U ) with
U ⊆ X open, we have that f ′ is locally compact. Moreover, every f ∈ C1u(X) has compact derivative f ′ .
We do not know if every such X belongs to Hájek’s class C [26].
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